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‘Ihe suit e d i s t o r t  ion Fun ~ ion of au i u i d e p e n d e n  t and  ide t i  t ic~i i i > d i~ t n h’’ *

I d. ) sou ’ -cc is c [earl equal  to  t h e  r a t e  distort ion funct ion of eu’~h ru :~

v a r i a b l e  of the  source.  We w i l l  eval ua te the ra te  d i s t o r t i o n  f u nc t i o n  of a

t -~ ndom v a r i a b l e  X w i t h  p r o b a b i l i t y  d e n s i t y  p(x)  s a t i s f v i n ,.~ c e rt a in  c o n d i t i 5 u ~s.

A m a g n i t u d e - e r r o r c r i t e r i o n  w i l l  he used t h r o u g h o u t  w i th o u t  f u r t h e r  re ininde ’- .

The procedure used was introduced by Tan and Yam (1’~J 75) and is based on the

well-known anal y tical expression of R ( D )  which is stated for reference. (See

for instance Berger , 1971).

TEIE’ ORE’ M A.  Let X be a rando m variable wi th probabi l i ty  dons i ty  f u n c t i o n

p(~ ) and rate distortion function R (l)) . F’or erich s - : O ,  lc ’~ A i ’~ th~.’ set of all

non-negative functions A satisfying

C5(y) = f A 5(x)p (x)exp (sk-yI)dx 
< 1 (1)

for all y . Then for all I) ~ 0 ,

R( D ) = sup [sfl ÷ f p ( x ) Q n x ( x ) d x j  . (2 )

s�O ,X EA _c~ 
-

S S

For each s<0 ,a necessary and sufficien t condi tion for to realize the

supremun, in (2) is the existence of a probability distribution G which is

related to A by

[X (x) 1~~ ~~ f exp(s~~x - y J ) d G 5 (y)  (3)

and is such tha t C (y)  I O . c~ . [dG j . Moreoever , f o r  such A and G ,  R(l1 )

is given parametri cally in s by

R ( D ) si) + f~ I((x)QnX~~(x~ dx (1)
- — I t )

f f A ( x ) p ( x ) ~ y~ expHI \ v i  )dx d~~ ( y ) .  ( 5 )

.\ I I  i n I’ ’ UI’ I I I ;  procedilrt ’  t o  ‘- u - a r c h  t I lr  “ s I t  i~; t c u n 1 ’ (I .IIIuI ~ S) w . t s

_ _ _ _ _ _ _  .- .~~~~
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by ‘Ia n and \ u~I ( L)75 ) and is de sc r ibed  in  t he  to  I l o w i n g  i mmcd i a te  corol ur v

‘f Theorem A .

cOROLLARY A .1 (Tan and Yao (1975)]. Let X be a random variable wi :h p~~~~~~~~~~~~ r u

density function p(x) which vanishes ou tside the interval (a ,b), -~ -~a<h~ -°. F o.~

each ssO , let 
~~~~ 

be a subinterval of (a ,b) and assume that the distributien fcnc-

tion G
5 (y) , 

~~~~~~ 

whose total probabili ty is concentra ted on and

x~ [a,b], satisfy

[A (x) ]~~ = f  exp(sjx-y~ )dG5(y), for all x€ [a ,b] (6)

and
bf A (x)p(x)exp(slx—yI)dx = 1 , for all ~~E . (7~)

If  A~ satisfies (1), then the rate distortion function of X is given by (4) and (5).

The significance of this straightforward corollary lies in the fact that for

Some densities p. intelli gent (or appropriate) choices of can be made such

that (6) and (7) can be solved and the solutions satisfy the properties stated in

the Corollary . Using this procedure , the rate distortion functions of an i .i .d.

Gaussian source , and of a certain class of i.i.d. sources were calculated ex-

plicitly [Tan and Yao, (1975)].

In this paper we make two uses of this procedure of Tan and Yao. First , in

section II , we refine their results , by a substantial weakening of the conditions on

the density , thus calculating explicitl y the rate distortion functions of larger

classes of i.i .d. sources . In Theorem I the density of thr source has finite

support , Theorem 2 t r ea t s  concave source densities , and in Theorem 1’ the support

of the source density is the entire real line or a half line. Secondly, we

develop a f a m i l y of lower hounds for  t h e  ra te  d i s t o r t i o n  f u n c t i o n  of an o r b i t  r~i ry

d. source (Theorem 3) and coopor e  t h ’~i w i t h  t h e  Shannon  lower hound in

5 -- ----
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Sect ion I I I .  We a lso i n d i c a t e  how Theo rems 1 and I ‘ i v IV  he co~ bin ed si th a

known approx im ate  resul t  (Theorem B) in evaluating the r ate  d i s t o r t i o n  h~~f l L t  i~~ O5

of certain i.i.d. sources whose densities do not satisfy the assumptions or

Theo rems 1 and I ’ .

II. RATE DISTORTION FUNCTIONS OF I . I . D .  SOURCES

We first consider rate distortion functions of random variables with con-

tinuous densities which vanish outside a finite interval.

THEOREM 1. Let X be a random variable with p robab i l i ty  densi ty  f u n c t i o n

p(x)  which vanishes outside the in terval [a ,b], -~~~ < a < b < ~~~ . Assume the

following:

(A) p is continuous with median IJ and there is an at most finite set of

points a = d0 < d
1
< ...< dm < d

÷1 = b (sn�O) such that on each [d~~ d~ ÷1]~

j=O ,1,...,ni , p(x~ is differen tiable and its derivati ve p ’ (x) is absolutely

continuous and satisfies ~ ‘(d~) ~ ~~~~~~ j~= 1 , . . ., m , where ~ ‘(d ~ ) and P .(d~
)

are the left and right limi ts of p ’ at d~ respectively. Also

x bf p(t)dt > 0 for x > a; f p (t ) d t  > 0 for x < b
a x

(B)  The f unction

b
K1(x) = p (x)/ f p(t)dt for x€ [ji, b) (8)

di verges to +~~ as x inczeases to b; and the function

K2(x) = p (x)I 
X 

for xc (a ,~ j (9)

diverges to +~~ as x decreases to a.

Then for each sE (-~~,-2p(ji)), there exist unique a > 0 and b > 0 such

tha t- a -ui—a and h th- I~ a~ S 4~~
-

~~~ and aç and h , are d- ’t-”rn i ned by 

— .5— — — —— ——- — - —
~~.-. --
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miri ~ y (o ,a) : Kjv ) = H }

= m :ix [y€ (p, b) : lK
1
(y) = . (11)

Suppose in addition that

(C)  f o r  euch s e ( - ~~,-2p (lI))

p( x) - s 4p” ( x) 0 a.e. [Leb.] on

Then the rate distortion function R (D) , 0 < D < D , of X is given pararr~ tri caI1s

in S h!I

- h I-b h-a
R(D

~
) = - f ~~ p ( x )~ n(ep (x))dx - ~ n ( p ( t . I - a

5 ) ) f  
Sp( ~~) dx

- ~n ( p ( i~i+hj) J p (x)dx ( 1 2 )
- hi-i)

S

i-i +hs ~i-a b
= -

~

-----

~~ 

f p ( x ) d x  + f 
5 (ji- a -x ) p ( x ) d x  + f (x —p - h 5)p(x)dx (13)

a p~-l

h
where -~~~ < s < -2 p(1J ) and 0 = ~ tx -plp(x)dx

Proof: We will show that all conditions of Corollary A .l are satisfied with

V = [iJ-a5,~
+b5} where the dependence of a , b on s will be specified later .

Substituting (6) into (7) and writing the integra l from a to b as the sum

of the integrals from a to Il-a5 to i-i-b to h , we have

A 1 5 exp(sy) + A2 5 exp (—sy) + I cz5 ( x ) e x p ( s l x - y ~ )dx  = 1 (14)

for v V , where A , A and a are c,iv en by
s l ,s 2 ,s S 

-

I l - a

A 1 ~ 
= f S

p (t)dt/ f exp(st)dG5(t) (1b
a V

S

- 5 - ’ - - -5--
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I)
A 2 f p (t )dt/ f exp (-st)d ;(t )

Il + l) V
S S

-
~ p(x)/ J exp ( s~~x - t J ) d ~;

5
( t )  . (17~

S

By differen tiating (14) with respect to y, we find that it is n e c es s a r y  t h a t

= jsl/2 , A 1 5  = ~exp(-s(p-a5)), A .~ = ~exp (s (1II-h ,))

and these are also sufficient for (14) (which can he verified by s’thstituting

into (I))).

Substituting the solutions into (iS) , (16) and (17) we obtain

p-a

1 e x p ( s ( t -p + a ) ) d G (t )  = 2 f 5 ( t )d t (U )

b

~.~ s (p÷h5
-tfldG (t) = 2 f p (t)dt (1);

S S

I exp (slx-tj)dC
5(t) (2/ ~ s~ ) p ( x )  x~:V 5 .

V
S

Clearly (18) and (19) are consistent with (20) if and only if

p-a 
= -

~

-

~~~~

- p (p-a ) (21)

and

p(t)dt = —i-- p(p+h) . (22)
p+b

S

Now (21) is equivalent to K2(p-a ) = s~~. Note that conditions (A) and (B) imp hy

that K,,(x)  is con t inuous  on (a ,p ] ,  d i f f e r e n t i a b l e  on (a ,p l excep t at those d ’ s

wh i ch belong to (a ,pj  at w h i c h  left and ri ght de riv ative s exi st , and sa t i s f i es

~
. ,(p) = 2p (~’) and Urn K . , ( x )  = +~~~~. It fol lows that r iv en one st (—°~,—2 p~~t l ) t~ie

xl;)
t-~~ : s ; ~ ian K ,(II-a ) = s

~ 
has at  le~~~t one s o l u t i o n , h e r  reasons w h i c h  w i l l

h - ‘
~ ~~

- e’le:ir later on in t h i s  p r ~~~f s& - .— i l l  choose th e s r . i l l e s t  so lu t ion :
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~~~~~
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~~~~
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J
I’ - a = m m )  ( a , , ~ ) :  L *)  H-~

wh i eb i s  ci earle such that p—a a a-~ s —
~~~ and has  t lie fo I low i ng p r - a~ e r t  j t  -

~ a

he used later on):

K ’, (p—a ) 0, and K_ , ( v ) 
~ 

sj for  a l l  v (a , m ’ — a )

Si m i l a r l y, by the p roperties of (x~ , h is uni que l y determined by

p + h = ~naxfy~~(;i ,b): K
1
(y-) = sj} (~~~

- ;)

and has the  f o l l o w i n g  prope r t i e s :  p~ h~~ b as s 4 - -  ,

- 
(p+b ) I), and K 1 (v )  j s~ for  a l l  y-~Jp+b 5 ,h)

~~-e n ex t  show tha t for each s ( — , — 2 )~ (~i ) )  , the distribution funct ion G (x)

which  has a b s o l u t e l y continuous part w ith den s i~ v -1~~x -s 2 p ’’ (x) on \
‘ and :ero

e l sewhere , d i s c r e t e  pa rt with atoms at the points p—a , li+h and t h e  d .  ‘s w)~ i ch

are in [p—a , p+h 1 and masses to be d e t e r m i n e d  , and :cro continuous si n g u l a  r

part , is a solu t ion of (20) . 1~or no tat iona l  conv en i e nc e we w i l l  work w i th th e

“densi ty” g5 of the above described distribution function which is thus of th~

form
9~+n- 1

g . ( t )  = p)t)- s
2
P” (t)+C1 5~ (t-I1+a5)÷C 2 5~ (t- p-h 5) + D~ 5S (t-d~~) (23)

for t V  and zero elsewhere where

d0 < p — a -z (I< ,..< d  < h ~L+b < d ,
5 I 9+j~— I s i - f l

and ~S(’) is the [)irac E)elta function.

The masses C , C and I) - can ,iow be determined so that 2a) w il l  he[,s 2 ,s

satisfied . We find (see Appendix 1)

J~~
2

i s J p ( I l - 3 5
) - p~ (p- ;r ) I

= s J I I s I p ( I Fb
5
) p ’(~~ b ) ]  , (2o1

- 

~I - ‘ I P ’ ( d . )  - ( d . )  I ~n- I
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II iv  I n~ dote i -ri  i i ied o 50 05  i f~ ( ‘ 1 i t  lS -n : t  i ii —
~ to  in be,~ ii  tb: t ~ i a 0

~ 
t’eb: it ~ ii t v  ‘ d o s  i t v  t t oe t i on , i . ~

- . hat i s  a pro ) ih i i i  v d is : ri but ion f t i ; ;c  -
- S -

t ion . Since p i t) -- s~ p ’ (t) - 0 a .  t- - I.eh j on \ 
- ; 

b y as • u : : ~~t ion  ( C )  a n ]

- p~ (d~ (1 by a s s um p t i o n  ( .- \ )  , i t  i s  c l e ar  t ’ : a m  t h e -  ex p r e s s i o n s  (25) aa~I

(2w) tha t C is  a d i s t r i b u t i o n  f un c t i o n  i f  n n d  on lv i f

Is p (p- a5) 
- p~~~p- a ) 0

I s~ p (~~+- b )  + I~i(
p÷b

5) 0

ZInd

f g ( t ) d t  = f dG ( t )  = 1 -

V - V 
-

S 5

To s} l a t ~ ( 2 7 ) , we proceed as f o l l o w s .  S in c e  K ( p - a ) 0 we h a v e  f rom ( d i

p~~( p - a ) J 5 p ( t ) d t  - p2(p-aj 0

and  u s i n g  ( 2 1 )  obtain

Il-a

J p (t)dt I I p ~ ( p - a ) - I ~ ip (h-a 5 ) 1 � 0

ii - a -
Now since a < p — a  we have  f 51) ( t )d t  > 0 by c o n d i t i o n  (A) and thus ( 2 7 )  l e t  l o w s .

(2 8)  can be proved s i m i l a r l y ,  and (29)  can be v e r i f i e d  e a s i l y .

N e x t  we need to  show tha t  C (y) � 1 for y~V .  X (x) is found by substi t U t il l g

g i n to  (6) and we have (see Appendix 2)

[ I s i / 2 p ( u - a ) l e x p ( - s ( t l — a 5 ) + sx )  x - [a ,p-a l

X (x) = I s i / 2 p ( x )  x~ V (~~~~t~~ )

[Is /2p(u+h ;) ]cxp(s (p + h ) -sx) x [ji+h ,b .

Now suppose t h i t  a - - . Then

y I’
C ( y )  = f ~~ ( .~) p ( x ) o \ ) ~ ( s ( Y - - x f l d x  I- f \ ( x ) p ( x ) e x p ( s h x - - v ) k l x -

l i i lIe rent i i t i n~ 1 (v) w i th pect I a v , we h y e

- - - - 5 - - - - - - ~~~~~ -- ---- -- - - - -~~~~- - -~~~~~~~~~ --~~~~~~~~~~~~~~~~ - -.5 
~~~~~~~~~~~~~~~~~~~~~
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b
C ’ ( v )  

~~ I \
5

( .\ J p ( x ) c \ p ( s ( y - \ b k I \  f A ( x ) ~~ (~~) e .~n ( s ( x - ~~) ) d x

= s - ;
5 ( y )  - hi (y))

S h e  re

h (v) = 20xp(s v) f X (x)p (x )exp (_sx)dx . ~~2)

Suhst tuting (30) into (32) we have

b (n) = Is~ exp( ~ s (p-a )+sv) / p ( x ) d x / p (~:~ a )

and finally , because of (21)

y 11— a ,
h (y)  = ex p (  sv ) f  p ( x ) d x / e x p ( s  ( p - a ) )  f 5

p ( x ) d x  a ~~~p -a

i e  now show th a t

f ( y )  = e x p ( s v ) f p ( t ) d t  y (a ,p - a }

is i nc reas ing . Inde ed we have

f ’ (v )  = e xp ( s y ) ( p ( y )  - Jsj Jp (t)dt)

Now (23) and (9) imp ly ,  as was remarked , t h a t

K 7 (y )  � K
~~

(p _ a
~

) = s~ for a < v < ~p-a

I t then follows from (9) that f’(y) � 0, a<y�p-a , and thus f is increasing on

(a ,ii-a ] . Hence h
5(y) � 1 for yE (a ,p-a l and since hja) = 0. it follows that

h jy) S I for yE [a ,p -a} .

Now , as in  Appendix A of [Tan and ‘l a o , (1975)] it is shown that ( ‘
5

( v )  -
~ I

for all y~V .

T h U S , b y Coro l l a ry  A.1 , R(0) is ~tiven parametrically by (-I) and (5). (l (

and (5) are  shown i n  Ap p e n d i x  S to have the f i n i l  expressions given in (~I2 ) and (15)

Tb i s comp e es the  proof  of the ‘rheo rem.

- - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -- 
~~~~~~~~~~ - A
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The fol low i rig exam p les are app i i cat i or:s of Th eor em I

I xan~p le i .  Let p(x) he a truncated double-exponential density funct io:i defi ;;-~

on [—c ,cl . c > 0, i.e.

p(x) = o .exp( -alx !)/2 (l-exp (-o,c)) x I - cc , (
~>0

The assumptions of Theorem 1 are satisfied and are verified in the follow i ng :

(A) p(x) is clearly con tinuous with median p 0. p(x) has continuous

second derivative everywhere except at x = 0 at wh i ch the first derivative is dis-

con t inuous and

p ’ (O) = a2/ 2 ( 1 -e xp ( - a c ) )  > P~~
(0) = -a

2
/2(l-exp(-ctc))

(B) K
1(x) 

= a exp(-ax)/[exp(-ax) - e xp ( _ a c ) ]A +~ as x t c  . S im i l a r l y ,

K,(x)-t- -+-~ as x-$- —c . Itt fact , K 1 (x) is easil y seen to he m o n o t o n i c ai l y i n c r e a s i n g

for xc[0,c] and K2 (x) mono tonical ly decreas ing for xs[-c ,0]. Thus (10) and (11)

g ive

a = c + ct~~~n(1-a/Js~) .

Now 1 s t takes on its minimum when a = 0. This implies that

si � a/[l-exp(-ac)] > a. Thus

—2 ,, 2 — 2(C) p( x) - s p (x) = ( i - ct s )p( x) > 0 for s~~(-c’ , - c t/ [ I - exp ( - ac )]  and for  a l l

x€ [-a ,a l .

There fore R(D), 0 < D < D , is g iven by (12) and ( 1 3 ) . Calculation (routine

and thus  omi t t ed )  shows that

R ( D ) = 
~n[ Is (l-exp(-ac))/ct] - a exp (-ac)Fc+ 1 c ti (1- i / I s I ) 1 / [1 -e xp(- ae ) 1 (~ 3)

[1 5 1_ i +~~~
lexp( c

~.)cri (!a /IS i )I / [lexp( (i c ) 1  ( 3 1 1

whe re -~I ’ I ~/(l-exp(-ac)) ,~~~~) 
and

- (co ~~~ )cxp1~ ae )I / I I-e\ p( - :c)J

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
—

~~~~~~~~~~

~.
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l~xain~ l~~ 2. Let X be a random va ri :ib Ic with tiens ty

p ( x )  1/ (x  ~n l 0 0 )  , 0.01 5 X 1 .

I’hen p ( x )  is cont inuous  ari d d i f f e r e n t i a b le  w i t h  p 0.1. Conditions (.‘s~ and (~~)

—l -are c lear ly s a t i s f i ed. Note  t h a t  K 1 (x )  decreases  for  p ,x < e and then in c r e a s - .~~

to ÷~ as x 4- l .  Condi t ion  (C) is not satisfied for all s hu t only  for  some s itt

(_
~~~~ , 

.
~2p(p)). In this case, only a portion of R ( D )  can be o b t a i n e d  ( c o r r e s :o n d ir ~

to those D for which s satisfies (C)). We have

p (x) - p”(x)/s2 = p(x) (l-2/s2x
2) 0

if and only if x � 
~~ / i s I .  Thus only for large 1 s t (C) will be satisfied . For

s = -72.135, we have /~/ I s I  = .0196 and from (10) p - a5 = 0.02. Thus for

s s -72 .135 (C) is satisfied. This portion of s corresponds to a region of small

distortion D (since s is the slope of R(D)) and for this reg ion R(I)) is given

parametricaly by (12) and (13).

We now show that the class of continuous concave densities satisfies the

assumptions of Theorem 1 and thus i ts  ra te  d i s to r t i on  f u n c t i o n  can he o b t a i n e d

exp licitl y.

THEOREM 2 .  Let X be a random variable with density p(x )  which vanishes

outside the interva l [a ,b], -~~~ < a < h < ~~~. Suppose p(x) is a continuous concave

f unct ion on [a,b] and there is an at most fini te Set. of points a = d0 
< d~ <

< d~ < d
÷1 h (m�0) such that on each Ld~~d~~1 1. j 0 ,...,n , p(x) is differen-

t iable and its  deri vative is absolutely continuous . Then the ra te d i s to r t ion

function of X is given by (12) and (13)

Pr oof :  Since p(x) is concave , p”(x) 0 and p ’(x) - . p :( x ) .  Also I
X
P(t)dt ~ 0

for x > a. For suppose f 0 p (t)dt = (I for some a. Then p~ r )  = 0 for each
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I ~ La . by you t inu i tv o I p. Thus p ’ ( t I - ( I  i’e r each I ’  ~~t . x 0 . S i n c e

p
~ 
( t) - p ‘ i t) , we h a v e  p ’ ( t  ) —

~ U fur cac t i t a , tt . [‘h is i i :
~~~~~

i I es H t I = ( I  t a r

[a .h !  which ~s a c o n t r a d i c t i o n . S i u t i l a d y I p ( t b t l t  > (1 fu r  x < h. ‘[hi t s t h e

on ly :lsslimptioii left to he yen f i e d  i n  Theorem I is (B)

I f  p ( b )  ~ 0 , t h e n  i t  i s  c l e a r  f rom (5) that k
1
(x) -

~~ ÷“ as x t h . Suppose

now that p (b) = 0. Then by l’l Iosp 1 ta l ’  s ci i i  e

t im K 1 (x) = ti n — p ’(x )/p (x )
x lh x th

We wi l l  si-tow that p ’ (h) < 0 and thus K x -~~ ‘-‘ as xth - By the concavit y ef

p(x )  , p ’ ( x )  is a n o n — i n c r e a s i n g  f u n c t i o n . Suppose p ’ ( 1 )  0. [ l i e n  p t ( , \ )  ~ 1)

b r  all x [a ,b j For which the den vative exists. Thins p(x) is non—d ecreasing.

S i n c e  p ( b )  = 0, this imp lies that p (x) = 0 fo i- a l l  x [.i , h I  , w h i c h  c o n t r a d i c t s  the

Fa c t  t ha t  p is a dens i t v . [hen ce p ’ (b) -
~ 0.

The pr oot  of K~~h x )  -
~ ÷~“ as x-h’a is of course  s i tiU t a r .

i t  s h o u l d  he no t ed  t h at  i t  cart also he shown that K
1 
(x) t is xth arid

K .j x )  t~ as x~ a inonoton i c a l l ” . IH

COROLlARY 2.1. Let X 1=’ a random v a r i a b l e  w i t h  continuous  p r o h a b il i t t i  l - ’r , ; i t ~

t c n c ti on  p consi st ing  of  l ine segments and vanishing ou t s i d e  a f i n i t e  in t er v ’n Z .

Ti tan the r at e d i sto r t i on  f u n c t i o n  of  X ia g iven  by (12) and (13) if an d ‘nl ’ ~ i t

P is concave.

P r o o f :  i t  f o l l o w t ~ - rom Theorem 2 t h a t  I F p i s  c on c a v e  th en  its r a t e  distort ion

f i r u c t  ion  i s  g iven  by ( 12 )  and (iS).

N . ’ .~ s up pose  that p is not concave . l i t e n  t h e r e  e ’i  st two ad acent I y - - e - : s -e t - -

~.rchr th at th in’ left dn’ ri vat I ye at the i r coan ’n p o i n t  s .a, i  l i e  r t h a n  t h e  r I t~h t

t I e  u - u y et i te. [hence For each s , C ( I in I lie p r -on F of I Iu’nrem I I- - ri ot a p ruh ib I I i

di - r i b i t  ion t i nn t j o l t  an d  t ii i- ; , ‘ I bmn ’er~- ti \ , I he  r- i ’ , i t ~t n ’ t  ri c t ’ \ h n  r&’-~’~ I otis (1 2) t a t

I 1 tI r i o ’  -, i - - I hi ’ ’ n ; n t  n di - o t - t  i i I t i na I ’ \ —

- -- -.5 



L t e l m [ > l e  ~~~. Tn ’a1n~- - ‘ m l tl ’ni ~~i t  ( a-c  A p n - nd i  ‘. ‘i t h :  nlen’ i~~e ’ ~n e m ) -

(~ < c < a and

I-
( a~ c )  - c

p (x ) = -,
(a- x

~~~)/  (a -c ) c -~~ a I ~r )

then for 0 -~ [) (a—c) (af2c )t3 (a~ c)

R(l)) = 2cos # [ I
~ ~ ~ct -t s  

- l
(~ 3p/~

’
~2 cd i - (af3c) /2(a+c)

- t n ( 2 I ( ~~ c ) / ( a f c )  cosL~ -e- ~ ~Cos
’(~ 3I)/

/a~~ c
2)1) (3~~)

and for (a-c )  (z t f d c ) / 3 ( a + c )  -
~ 

I) 
~ ~~~~ 

= (a
3
~ c

a
) /S(a

2
-c

2
)

R (D) = — t ~n( f ) )  — ~n (I—tn (I))) (A S)
-) , I

where La(l )) = [i—lI )/ (afc)f (a_ c ~~ /A(a~ n’y~ 
-

Theorem I is also valid when the support of p ( x )  is not f i n i t e .  The result

i s  s tated in the f o l l ow i n g :

THEOREM 1’ . L~~t X he a r n n - ! ~ m v ir i thie w it h  (! ‘ ‘nal to p i x )  ~ i i~t~~
) ,‘: , n t i,~et ies

a l l  assumptions in Theorem I w i t h  - a < h - ~ , t han t i n  f - a n - d i : ; t o r t i a r i  r t i nc - -

tion of X is given by (12)  and (13) w i t h  -~~~ < a < h ‘~ 4 - - ’ .

Theorem 1’ is an improvemen t of Theorem 3 in  Elan ari d lao , ( I ~~~S) I - h e r e

we no longer require the monotonicity of K
~
(x), i=l ,2, and we allow p ’(x) to have

a fini te number of discontinuities instead of a s i n4 l e  d i s c o n t i n u i ty  at p .

The following (known) result can he used along with Theorem I and 1’ in

evaluating the rate distortion functions of certain random vari ables .

THE OREM B. If the random variable X ., has distribution funation F., nr :d

d i s to r t ion  rate  func t ion  t ) . ( R )  . 1=1 , 2 , than for alt R (4 ,

“i (R) 
-1)2(R) -- F (t) - F (tI dt . (3)1



:1 1: F — F ~ U i i i  I , 0? I f  I I 5 Y  l~ 15 2 ! , ! F , I- has -  - 1 i n n  - i~~~ a: , f !  -a
It I i i  II

[ i ( [ ~~) u n i  f o r mlmj .

[‘ tool : (‘orulla rv I ot [Cray , Nenthoff and S c h i e l d s  (1~) 7S )  I ap pi i - d to L i .h en cL - ;

w ith distributions F 1 and F , ~~~~~~~~~

0i ~~ ~
‘2 p (F1 ‘H -

But by jVal lende r (1973) J p ( F
1 . 

F~ ) = L 1  ~ 
( t ) - F ~~( t )  Idt and thins (39) fol lows -

Now i f  I- conver ges  to F weakly and :111 dii tr ibtut i ons  i n v o l v e d  h a v e  f i n i t e  its - i n s

then  by Theorem 2 of l)obrush in (1970) 1 , we have ~~( F , F I -
~~ 0 and hence 1) ( R) — I))

unifo rmly . H

‘[he F o l l o w i n g  w e l l  —known prope rty is use Fit! in con nect ion w i t h  Th L-o rem E S :

I I a sequ e n ce  of  probability dens it ‘- Func t ions r-t~, conve rges to a p robab ility den—

si ty funct ion p almost every~ here , then the corresponding sequence of di st  r i I n ; n t  iotn- ~

F conv en-~~’s to the distribution F of p w e a k l y .  Thus by l e t t i n g  e - i n  h x a n i ~~I e

we f i n d  the rate distortion function for the double e .\poflent i:il tlcnsi t ,\ on t h L ’

en t I re rea l line (s I nce a 11 di st ri but ions involved ha ve finit e means) , I . -
REP) = — 9 n  at ) , 0 < U = 1) . O F  course , this has been calculated by us Imax - -

the Shannon lower hound method [Berger (1971) , p. 95J . Note that the double

exponential density does no t s at isfy assumption (B ) of Theorem I ’ , w h i l e  the  tri m —

cated double exponen tial densities satisfy all the a s s u m p t i o n s oF Theorem 1.

[hi s demonstrates how Theorem 1 and B can he used in evaluating the ri t e d i s t o r t  i o n

I t i n c  t ion of c e r t a i n  ran dom van able s and foil us I ng are some fiirthe r exam p les

ixampi a -I- . (a) [r i ;tr nE ar n i e n s  i t  v : i c t I n  c~ 0 In ( S i n )  Sn ’ see th at t h

t rnpaeo it ! dens i ty con verges to t i t i -  t r i  :nn pnl;i r dents i Iv

(a  - I ~! ) ! ; j
’ 

, 
- a -

its ra t .’ d i s torti o n l ’n e u - t i o n  i s H o  n~t l11d nv l e t t i nn (3 ’): far

.5 --.5 .5 — - - - -,
~~ 

- 
~

- ~~~: -



0 —z U - — a/ S  = I)
max

R(I)) = 2cos 21 *~ f  -~cos
1

(- ~~) J - - 9 - n ( 2 c o ~~[~~~- + 
I~~~~~l ( ~~ J H

(h) Un i fo rm dens i ty:  L e t t i n g  cta in (36) we see that the t r ap ” z o i d  iIs:~ - L ty

converges to the uniform density

l/(2a) , H ~ a

whose rate d i s to r t ion  func t ion  is thus found by l e t t i n g  c ’ a in  ( 3 S ) :  fo r

o < D � a / 2 = D

R ( D )  = -~~ i-~~-~ - ~n (1- 
~~1~~~ -

U ) . (41

Note tha t  the  t r i angula r  and u n i f o r m  d e n s i t i e s  s a t i s f y a l l  assumpt ions  of Theo rem 1

and thus (40) and (41) could be obtained direct ly from (12) and (13). (41) was

firs t given by Tan and Yao in [Gray (edi tor) (197-1)).

III . BOIJNI)S TO RATE PISTORT ION FUNCTIONS

In this section , bounds are derived for rate distortion functions of random

variables whose densities do not satisfy all the assumptions in the theorems of

Section II . Examp les are then given comparing these hounds wi th the Shannon lower

bound .

THEOREM 3. Let X be a random variable with probabili ty densi ty function p(x)

satisfying the assumptions in Theorem 1. Let be another random variable whose

probability density function p1 (x) vanishes outside the interval [a,b], and p 1 (x)

has at most a finite number of simple discontinui ties . Then a lower hound f o r  t h - ’

rate distortion function of K 1 is given parametrically in s by

- a -
RL(D) = - ll (p1 )~ ~n~1~1 - Q n ( p ( i n - a ) )  f ~~~~~~~~~~~

- h
- f 5

p 1 
(x) ni (cp(x) ) d x  - c n n ( p ( t n f h ) )  f 1’~ 

(~~ ~~~
S S

-- ~~~~~~~~~~
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I

I i ,

- 
C

I) = I 5 H !-a - x ) p 1 ( x ) d x  ~ - -
‘- -  J ~ p 1 (x)d~ 

+ J (\-~~--h )[i 1
(xj-Ix (- - ,

- 
a 

- o f ! )  -

S

h
where Ii (p

1
j = J p 1 (x)Qn dx is the g e n e r a l i z e d  en tr o n ]  ot  p 1 wi ti.  r~ - -‘~ ~~~~~

~ 
[[‘insker (1964) , p. 18]; p is the media n of p and a and b are rel a ted ~o s 2- s

(1))) and (LU.

P roof:  S i n c e  p ( x )  s a t i s f i e s  the  assun :Ip t  ions of Theo rem 1 , X
5

( x j  g i v e n  by ( 3 1 ! )

s a t i s  f ies

Cj v )  = 1 X ( x ) p ( x ) e x p ( s l x - H ) d x  � 1 , for all v~~[a ,h].

Now d e f i n e  . ( 1 ) . ~~ by

= X 5 (x ) p ( x )  . ( - ; ; )

Then A W (x )  also w t t j i f j e s

C (y) = f X (~~~ x)p j (x )exp ( s~ x~y~ )dx - - 1 , for all y
~ 
[a ,b}.

According to Theorem A , A~~~ (x) yields a lower bound to the rate distortion func-

t ion of X 1, i.e.

b 
:~~~~

50 + I p1
(x)!~n x

m (x)dx) -

Let R L (D ,s)  = sO + f p
1

(x)~~n A~~~ (x)dx and le t d., j=l ,. .. ,n , a d0 
<

< d,~ < d
÷1 = h be the points where ~ 1 (d~ ) has s imp le discon tinuities. T In-’ni

from (44) , (30) and (A.5) , p1
(x) Zn X~~~~(x) is continuous both in s and x and i t S

parti al derivative with respect to s exists for each x’ [a ,bl and s’: O sod i s

hounded by a constant. Thus

~ R (E),s) d n - I d - I) p (~~) 
~~~~

II ~{ f~ + ~ f i f l f } -
~~~~ 

-

a j — ’l d~ (~~)

~-et t ing - -  
~~~~ - 

= 0 and s u I n ~~t i  t i n t  l i t h I - C ) in t h e  i n - ~~~ ( - \ r n ’ ‘ l a in , si ’

- - -~~~~~~~~~~~~~~~~~
--
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b p ( x )  ~s A 
- 
( x)

U = - f - a- , - .~~~~
- -

~~~
- dx ( t h

S X n \ ) 1s
a s

thus for each fixed F) , if

2
- - 0 for all s -  0 (

then R
1 

( I i , s) as a funct ion of s is conc ive and its supre nn ur n is achieved by t h e

p o i n t  S
[1 

s a t i s f y ing (4 5 ) ,  i . e .

RL , s
D

) = sup RL (D ,s)
sSO

Whe ther or not (46) is satisfied , R1
(I) ) = R[f t ,s) along wi th (45) provide  t h e

parametric expressions ( i n s) o f a lowe r hound of the rate distortion function of

X l, . Substituting (A 5) into (13), we o b t a i n  ( — 1 3 ) .  S u b s t i t u t i ng ( 4 3 )  and ( S 0 }

into (4), we obtain (42). Note that the generalized entropy of  p 1 
with res Cns ct to

p has the property i{~ (~ 1
) 0 w i th equa l i ty if and only if p ( x )  = p 1(x) ;i 5 .

[Pin i sk e r  (1963) , p. ~~~~ a~ and b are related to s by (10) and (11). It shou ld

be clear from (42) that R
1 

i s  usefu l onl y when H~~(~~1 ) < 
~~~ . H

Clea r l y Theorem 3 is also va l id  when the support of the d e n s i t i e s  i s  not  f i n i t e .

THEOREM 4. For each fixed s � 0 , R [ ( D )  g i~’en in Theorem 3 is equal to

R ( E ) ) if and onl y if  there exists a probability distribution function Q whose-’

to ta l probability is concentra ted on (a subset of) [a , h J  and is such that

— s o t — a  - x )
J )( X~~ j

h s~ x~y 1 
, x - [a ,p -z i 5 )

1~ L J

h
C

s 1 . ~~
.

yI l ~~~~( ) )  x

sft+h -x)

2p(p~ h )  
I ‘

~~~ ‘ dQ 5
( ~ ) x - (pfh .H (H!)

- ~~~~~~~~~ - - . 5--- -~~~~~~~ .5 ’- -- 
-

- -~~~~~~
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a and b are givan  b y (10) a rid (Ii), and

h 
= 1 a.e. [Jl~~ 1 . H ; -  -

Proof: Suppose the assumptions are satisfied for a given ssO. Su b s t i t u t in g ( S i t )

into (47) and using (44), we have

h h
p 1

(x) = A 5 ( x ) p ( x ) f  exp(s j x -y J ) d Q 5 (y) = ~ ( x) p 1(x) f ex p ( s~~x - y J ) d Q 5 (y)

I f  p 1 (x) ~ 0. then we have

[X~~~~(x) j~~ = 
~~~~~~~~~~~~~~~~~~~ 

. (-is )

If p1 (x0) = 0 for some x0~ [a,b 1, then from (47), p 1 (x 0) p (x 0) = 0 for some

x0c [a,~ -a~~u(~ +b ,b~ . In this case, we can define X~~~ (x)  by (49). Therefore

R[(Ds) = R( D ) by Theorem A . Conversely, for a given s � 0 , suppose R L (D s) =

(I) - . - - - -Then X (x) achieves the supremum in (2) and hence it satisfies ~~~~~ i .e.

(49), and is such that C5(y) = 1 a.e. [dQ jy ) }  for some p r o b a b i l i t y  d i s t r i b u t i o n

Q .  Substituting (44) and (30) into (49), we obtain (47). [1

It would he of interest to compare the lower bound of Theorem 3 with the

Shannon lower bound which is now computed for densities which vanish outside the

interval [a,b), -~~~ < a < b < ~~~ .

THEOREM C. Let X be a random variable t-iith probability density function p (x)

whi ch vanishes outside [a,b], -~~~ < a < b < ~~~. Then the Shannon lower bound to

R ( D )  of K is given parametrically in s<0 by

= h(p) — jsl (h—a )/2h (s) ~ ‘ ~n I s !/ 2 e k ( ~~) ( 3 0 )

1) H ! - + (h-  a ) / ’ k  (s)  ( S i )
1)

re h Ip) = - f p ( x )  ‘ i i  p x ( C x  , i n n l  ~ ( s )  = I - -  CX ) )  ( H ( h - a t  /21 . ~-‘. n r  eve r,

———.5- — --—-
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( I ) !  -Z R~ I)) a l l  I )  I. ’ :  f / i  RU)) - - I) on 1 -es

p(x) = J s  e xp ( s  H - t a f h l / 2 !  )/1k (-.), [n .h I , .2

in w~z n ~~h c isc R~ 
~~~ 

= R ( I ~ ) ) 
~~~ t t l!~’ p a i n t  ) )

~ 
w i t . ’t : ; l ~~:-e ~~~.

I’ roo~~: let

K 5 it Pt’) > U
A ( x ) p ( x )  = 

-

- 0 otherwise . (33j

From co n d i t i o n  (I), 7ince

h
Cjv) = 

~~~~~f 
exp(s j x-y~ ) dx  , y. [a ,hl

on&’ CJ~fl t ake

K = s / 2 [ e x p ( s / 2 ( h - a ) )  -

A and a simple calculation vi~~ld (SO) and  (SI)

Now from Theo rem A , R
~ i 

(I)) = R(fl) at a p o i n t  I) with s lop e  s , if and on lv

I f C (v)  = I n. e.  [dC I . For the  Shannon lowe r hound , it can h _ ’ ehewn tn i lv

that for each s.:0, C (y) = 1 if and onl y if y = !i ( a f b )  . Hence R~~ ( U )  = R t H  I at

1) w i t h  slope s if and onl y if Cs puts its total prob abilit y mass at ~. ( a * h )  i i ’i

which case

= f e x p ( sj x - y J ) d G 5 (y)  = exp(slx-½ (a+b )J) . (3-fl

(52) now follows from (53) and (54) and can he y en  f i ed  as a densi tv .  H ence t h e r e

I’; one s -
~ 0 such t h a t  at the  p o i n t  

~~ 
wi  th s lop e s , we have R~ ~~~

I - a r  a l l  o th e r  d e n s i t i e s  p w h i c h  v a n i s h  o u t s i d e  I a , b l  we  have  R
~ 1 

(I)) R([’~) for

a l l  1) 1) such t h a t  l~~I ) )  - 0. H

F saup ie  S. let p ( 5 )  he t he  tin i fo rm LIens it \ On [a , h f  - I ’h cni p ( \ ) sat i s  f t

a) I .1-~~- ’ i ) 1 ) t  t Oil S i n  U i i s i r ~- i ~l I .  F ~- t  p 1 (s) he . i p i ecewis e cont i n i t i o t i s  d e nis j tv d e f i n e )

- - -~~~~~~~~~- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~
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a t  [a , h . ‘Ih en I > ’ ap P l v I i ig  i t - - u i-etti 3, a I n e r  3 t o r  I -~ I at (x ca rt be

f o u n d .  Fv:i luat  ion 01 (-1 ~ ) and ( iS ) ah a- -; that i see A 3: e r t -  I x 3) for — - ‘ ) - - :~ ) 
1

— 1

(U~) h (p 1
) in ! s /3c + f [p~ ( a  i t )  ~ p~ ( h - t  ) ]dt (3 I

I )  = H I ~
1 

- f t [p 1 
(a~ t) + p 1 (h- t) ki t  - (56)

In (~5~~) , ii (ii i- a g iven U , sj is not  s i n g l e — v a l u e d , and if a branch of sI c:iri

he chosen cacti that (46) is sat is fied , then for th fi; branch of I s !  , U 1 
(I)) is the

best po~sible lo~.er bound achieved by the method of 1heo rem 3. Note that condi- -

t ton 1,-it- ’) is i, - qLl i v t l  ent to

P 1 (H~ l~~
) + p 1 (h-js l ~~) < s~ (5~)

i n  t h i s  exam p le (see  A p p e n d i x  5) .

g-10 I a;~e r hound of Theorem 3 is of course u se fu l when Theorem I i a not

t a p  I i  c ab l e  to p 1 ( s - As an i I I  ii st ra t ion we now c a l c u l a t e  the lower hound of

( t e ~~i - em ,S when is the truncated double exponent i r il dens i ty of Fx ap le  1 - In

t i t  i5 c,!;;’ tb ; r a t e  d i s t o r t  ion func tion of h ;~s been ca lcu la ted  in Sect ton II

m i  there to re ~e can see how ti ght is the 1o~~e r hound de te rmined  by (35) and (3(1)

Ca I cul i t  ions -~h aw the f o l l o w i ng :

h (p) I - -
~~ + ~ n 2u (~~) - ‘2u (CL )

1t~ (F) ) — - 
~ Qn~ s~ tiH ÷ [2 exp~~ /js ) - u - 2 1/ 2 a _ u (a) I s !  > 2 (53)

= s’L ’ - [au( cx ) ] ’[ ( I s I ’-a ’)exp ( L / I s I )  +

I) = [
1 

- (
i 

~~ 
1
)eY))(.t/2)j/[ I -~~‘ ( - - ~~~,

‘
~~~ )

wh ’re i t (  t )  = It-x p (-t/ ~~) 
— 1 /;‘t. I’er tI’ s S ) i a n n i i  l a s er  hound w e  h ave

_ _ _  _  ~~~~~~~~~~~~~~~~~~ -~~~~~~~~~~~~~~~~~~~



- (11 - 
) - ( . - U / 2 ~~m i ( U 

- 
+ ‘n  ~~) u (a ) v ( ;-) -~~~

o = Is !  i
ll  - v ( c ) )  - (1 ( 3 m) )

a H;’ r-e v ( a )  = I I / 2 (exp ( /2) — 1 ) . Cu rves  a t- e p l o t  ted tot - = 0 - I , 2 i i t

I: gures  I and 2 . In getiera l , P is a bet ter- lowe i- hound t h a n  U si e~~c e t  I~i a

s!;,t[ 1 n e i e h l m a r h o o d  of [) w h e r e  U . is h e t  t e e .  As a_ U , t h e  d i f f e r e n c eUni x

b e tw e e n  U 1 and U5 I h ; -cume s  1 z i ree  r and :is - -
~~ “- , the  di tic i’ence becoues stun lie r -

I t can a l s o  i m c seen t h a t  R L is a ye t-y good approx m a t  ion to U. I f , for Ct > 0

f i x e d , we p l o t  1) as a f&inct iD i )  Of  s I as given by ( SS) , we o b t a i n  a cut -v a as

shown i n  F i ~ure 3. N o t e  t h a t  a t  = 2, 1) = 1) . Also I) achieves i t s
S m a x  S

mz tx in u n l  at sortie point I s o ! ~
- 2, am id I) is a decre;isint~ iu n c t ~~on for  a l l  I s  I I

i t  fo l  lows ( as i t is ens i l y checked  an a l v t  i c ; t l l v )  t h a t  fo r  a l l  I s !  I s ,, ~\ I
condi t ion I S )  is sat is l i ed  and t i t u s  t h e  branch  of I s I : I s !  I 5

~~
-
~~~ 

I g ives  t h e

t i ghte s  t possible loser hound  U 1 
( U )

Another lower bound for the rate di start ion ftinct ion of t he  t r u n c a t e d  double

exponen ti al dens it s ’  can he obtained b us in g  the truncated Gaussi an dens i tv instead

of the  un i form de ns i t y , i . e . ,

P ( x )  = K exp (-x 4/ 2u 2
) , I x !  2

where K ’ = /3 Tr [2~~(l/2o) - I I and ~ is the standard normal distribution . Since

p(x) satisfies all assumptions in Theorem 1 , the fo l l ow i n g  lower ho und for the rate

disto rtion function of p 1 (x) is obtained by Iheorem 3:

U1 (fl~) = ~n [IsIK(i-exp(-a/2))/a I

~ —l ~ ~~~~ 

_,
+ [[H~

1
~~ - (1 c~ o ) (1 ~a_/2) + ~n K - a~ /2a~~} e x p ( - a _ / 2 )

- in K + (I -- (a5+a ) / 3
2

) ( )  ~~~~ I- exp (-a/21

I) = [ ! s I  ~ + (a 5 - ’.- t  l)1~\p( t 12 )  - ( I s !  ~~ ‘) e x j ( - a a ) l / I  l - exp ( -n/ .~) 1 

— -—~~~~~~~~~~~~~~~~~ -,- -~~~~~~~~ — -~~-- --~~~~~ -~~~~~~~
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I t i e  Fe 1 a t  j o n a h  i p le t  a ;‘ei t a and a < U in ~ i ecu

1 5 1  = c\p [-a .‘ ( 2 t  ) I / ~ I C~ (20)
1 ) -- ( a !  I’ .’ ;~ - .

N - t ; t e r i L a l  c a l c u l a t i o n s  si tes t h a t  th i s 1a~ cC hound is sI 3 1 ; t l v  b e t t e r  t h a n  t l i , ’

obt ained t j a t h e  tj~~ i Ia mit di St  I - i  i i i  t t or i .

I f t h e  method u ; c d  in Iheor - em 1 ~ s a p p l i e d  to a di sc a t  inuous  probab i i i  tv

dens i tv f i t r i c t  ion , a 
~ 

(~~ ) 0) may he f ound sa t is ly i ng  con d i t i on (I) whe rea s a

d i- - t rib ut ion function Gjy) satisfy ing (6) and (7) may not exis t. In this case ,

in ; ing  t h e  abov e ment ioned A , a lower bound for the rate distort ion funct b i t  a)

the  d i s c o n t i n u o u s  d e n s i t y  can he o b t a i n e d  by (2 )  . The following example ii 1 ;i -~—

trates this point.

E x a m p l e  6. (For the deriv ation , see Appendix 6.) Let

1 i/-i -l < x < 0
p ( x )  =

1 3/8 O a x < 2 .

T h e n  fo r  0 < U S 9/it- , we have

RL
( l ) )  = — V4 -5D - ~n(2- /4-Sn) - ~ in ( 54 / 62 5 )  (~~ l)

and for 13/2-i s I) s 17/24 = 
~~~~~ 

R(D) itself can he found and is g iven by

RU)) = - /l-(2-lI)-l)/16 - ~n(l- ~~~~~4l)-l)/l6) (~~l)

‘I a a u r e m  B ma y et  he used in ano ther  way to f i n d  bounds  for  d i s t o r t  i °n  i n  t -e

functions of discontinuous densities .

Fx :tap l m 7  - l e t  
~ 

( x )  he the densit y oF E x a m p le 6 arid , fo r  U < r 1 , can i d e  r

t h e  eat i tum ous approximating density
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I / I  -1 -\ < - F

Ii ’ 
2 

+ :- t ’~: S/It’ -r - ‘ I )

11 ( x )  = ,
÷ ~,“S- ~ S/I(~ 0 .~

3/S - - x 2

N a t e  th; it p (xl conve rges  to p(x) :i l ut;s t t ’v u -r e s h e~’e t -  -
~ 0. in t i t i s  ca r - c t h e

C ( i t ~ or p can he ev a lu a t e d  he Theo rai ;i 1 and (‘ c U .50n07 , we ha:;’

11 ( R )  —0.00367 < I)
1 ( h f l  -

~ 1 (R) 11 (1-fl f I i . t )O 3u 7

r~ 01 (R)  is tb.’ inver se funct ion of U 1 
(1)) in x;inp lc ~ . (For - the cv;; l i n t  ion

of 0 (R), see [Leung (lY7~ ) - )

I~~. A P P E N [ ) t X

A p p e n d i x  I. 1)enieation of (.26)

Subst itut ing (25 )  i n t o  (201 we h a v e

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ + 

~

. 
It

1 5~ (t-d ~ ) [e~1 ’ ~~i t  = -
~
j- p ( x )

Sappose x~ (d~ d~ ~
1 , where  p - z i  - : d k < g÷h . Then

- s~ x-t 
s (x_ti ÷a5) s(ti÷b -x)

a~~~~
t
~~

5 p” ( t) ) e  - dt + C
1~~~

e + C2 5
e

- k s(x-d ) ~- +n-I s(d .— x)
+ V. e + ~ U .  C = FT p(x) . ( A l l

J ,s i=k+l I I

“ — ‘ 5

- - d Q c i r -t ‘ i -

f 5 (p (t)-s p”(t))e 1 ~ dt = f ~ •1~
t + l  j

— a i — a I - tl -S — j 1 + - fl - i

(p(  t) a 
‘

p
’s  ) ~~~~

c I ’  t I t  . ~ \ ~~ . l

S in c e  f o r  e t c h  s~ L’,-2 p fl ) ), (p(t)-~~~~1~” (tHe ~~ 
- t I  

i s  .m . t - . t 1 e h . i  c-i

j o - a  , d , & ‘ a t i , t ( i i ’  he jet - i V i t  i ye of - a ( p ’ (~ ) ‘.p( - I ~~- - - 
t ;‘h Ft  a n - - t i : :  -

I arm \) i ‘; :m1m ~~u I I I  ~ I ~~ 
con t i . 1  - a I - , , we 1; u ;

-- - - - _ _ _ _ _ _ _ _ _ _ _ _ _ _



- a i .

I (i’~ t )~~ p”(t))c~~~ 
t)

Lt = 2 I e n t l) , ( t (  ÷

sx sd -sd , - s (ii-a I - s (2 -~; I
= - ~-5---[e ji ’( d ~) + se 

t.(d ) - e ~~ p~~H;-a5) 
- sa p ( , : - n H -

S i m i l a r l y ,  fo r  ~ j s k-I ,

- — 2  s ( x- t )f (p(t)-s p”(t))c dt
d.

sx -sd . -sd sd -sd .
= - ~~

_-
~~ [e ~~~ p ’(d ~~~1) + se ~~~p(d .÷1

) - e 3 p ’ (d.) - se 3p (d~ )]

X 
- P” ( t ) )e5(~~ t)dt

s(x—d )

= - —i p ’(x) + -~4-~ p (x) • s~~~[p (d~) - Is Ip(d k ) Ie k

for k + 1 � j  S 2,fn- 2,

d k 1
( p ( t )  - s

2
p~f (t))e~~

t
~~~ dt

s(d -x)
= s~ p ’ (x)  + -

~~~~~~~ p(x) - s~~~[ I s I p ( d ~ ÷ 1) + p ’(d k , l ) I e  ~

f~~~~
1

( (t )  - s
2
pt? (t))e

5(t
~~~ dt

-~ -sx sd. sd . sd. sd .
= - ~—~---[e ~~

1
p ’(d .1 ) - so ~~

‘p(d.÷1
) - e 3

~~~(d~ ) ÷ se 3
~~(d~) I

jif (p( t) - s 2
pc?(t))e~~

t
~~~ dt

d2 + n - 1

e
_ S X  s(p-i-b ) s(p+b ) sd~~~~~1= - —---2---[e p ’(j~+b5) - so p(ji÷h ) - ~ 

smj, , 

P,*1ç~~~~~)

+ se ~~ 
~~~~~~~~~

Sub- ;ti t u t i n g  the above exp re s s ions  in  ( A .  2 )  and comb i u i  rig sim i lar - terms , we h a v e

—
~~~f (p ( t b - S p” ( t ) ) e ’ ‘‘ dt

I i —  i!
,_
- , 

-‘ s ( x- ~; i t  . ) a ( ,  F ) ’  \ I
p ( x ) - I - ; p 01-a I - p~~(O l i e  ~

‘ 1= 1iL ih ) p ’ ( : ‘ ‘ )  e

-~~~~~ -~~~~~~~~- -- - -  -~~~~~ -~~~~~~~~~~~ =
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F -, n ( ’. ;I , ) . t ~~1
- a - f p ’ (d - )  - 

~: 
( d l  j e  / n p

~ ~ 1 - p~ d I j L -  J
- - J - ~~~~ + ]  -

1 ;m 1u ; i t  i n g  cue I f i c  i e nt s  in  ( A .  1) we ob t a i n  ( 2 0 )

App en d i x  2 . Calcul ation of A 5 Ix) (i.e. (31))).

From (6), we h ave , for x [a,P- a j

(J+h
[A (x)1 ’ f S~~~~~~~~~~~~~~~

(
~~~~~~~~~

) )i p ( )

p-a

and substituting (25) and (26), we ob ta in
d - tl p -F l)
9 y+~ -2 1+1 S

IA( x) Y’ = { I + I ÷ I } 1 0 ( t )  -s~~~p” ( t )  jexp(s (t-x) )dt
ji-a j~~r 9 ~ d~ d9÷~~ 1

-; 
÷ exp(p-a - x ) f I s J p ( i i - a ) - p ’(p-a) 1/s

2

÷ ~ s
2
~ p’(d )~ p~ (d.flexp (s(d~~ x) )

j =1(. -~ -~
-2

+ ~ E I s I~ (o÷b~) ÷ p ’ (P+h 5)Jexp(s(p÷h 5-x))

The in tegrals in the above expression have been calculated in Appendix 1 (except

for minor adjustments in the exponents). Thus , us ing results similar to those in

Appendix 1 , we have

= 2exp [s(p-a -x)}p(p-a J/Is !

and the expression for ~~~x), xc[a,p-a }, given in (30). The calculat ion of

X (x) for x~ [p÷b 5,b) is similar . For x~- [p-a , p+b 5 1 we hav e

X5 (x)  = a5 ( x ) / p ( x )  = }sI/2p x)

from the solution of (17). 



-‘a’ )- t } ; h t \ .  ~~~. I ) e r i  c a t i o n  of ( 1 2 )  a r id  ( I~~) -

Tb e ct I at iOn

I) = -

m a  proved as in [lan and Yao (1975)] and thus it s p roof I s  &ea i t ted here . ftc

calculation of ~A (x)/3s is given in the fo11ow i rii~: From L O t ) ,  we h ;u e  ‘or al l

x~ (a ,hJ-a )

~ X (x)

2p (p - a 5) 
+ - 

- -lexp (-s (p-a -x))

- 2p (p-a J 1
~ ~~~ 

- (~ -a
5-x)1exp (-s(u-a3-xfl

Diffe rentiatin g (21) with respect to s, we have

cia 
-2= -s [s —~~—-_-- - p (p—a ) I

an d thus

da ~p (p-a ) -2
—— = • — ‘—,ds sp Um~ a5

)

Substituting (A.4) into (A.3), we obtain

aX (x)
—s-—---- = - (p-a -x)X5(x) for all x€ (a,U-a )

The calcul ation for xc (ji÷b ,b) is similar. Thus

x~ (a ,j ,t- a )

~A (x) 1s = — -ri X (x)  x~ (p -a  ,pi-b )

— (x—p—b ) A (x) x• (p m b ,b) . ( \ .

Srihstitu ting (A.5) in the expression for U , we ob tain (13) . F rom (1) and

(A.5) we have



R U )  aD m c u  + st
~~~~~ ’~~

)h ) ’ (
~~’ 

1 tt( ~.(; ; ’ a J )  f ( x l i x

b h
- f 5

p (x)i’ np (xldx f s ( a * h - \)p (x)~~. .i t( p (i;+h )) I p (~~J ; ’ . -

p - a ~;~ b
S S

Subs tituting (A O into the aboc-e u’xp cession , s-c d o  ;tin I, 12 I - 1- i rm a I h , 5 111Cc
1)

= i n f  f j x — v j p ( x ) d x , it is c-any to c;- m - it ’v th at the in fiirrum is achi i- .i - i t
V a F

when y = p ,  the m e d i a n  of p ( x )  , and thus U = f x - p p ( x ) d x .

~ppendix 4. D e r i v a t i o n  of Ex am2 le 3.

Here we only sketch the calculations in Exaniple S and omit the I t’n~ thy dctai is -

Since p(x) is symmetric about x = 0, we have a = h and (Il) cit es the ri- I ttia n-

shi p between i s i  and a5:

I sj = 2/(a—a5) for :i ’ [c ,a]

Is ! = 2/(a+c-2a ) for a .e[0 ,cJ . (\. sl

We now distinguish two cases (i) and (ii ).

( i )  I f  j s ~ ‘ 2/(a—c ) , u s i n i ~ ( \ . 7 )  , (12) and (13), we ob ta in

RU)5) = ~~H a÷c) 
÷ 2/ s 2 (a 2 - c )  - ( a ÷ 3 c ) / 2 ( a + c )

I) = —— — 4/3jsL (a ”— c ) . (A. ))
S 

I S !

The parameter s in (A .9) can be eliminated as follows: Substituting x = / ! s l ( a + c )

into (A.9), we obtain the following cubic equation :

— ~ + ~~~~~~ = 0.a-’- c 2
(a+ c)

The solutions o F thi s cubic equation consist of three unequal real roots

= 2/~3-c)/(a+c) cos [~ - cos (-3 h)/~ i f - c ~ ÷ kn/3)], k=0 ,l ,2 -

I t can hi- shown that on Iv x , s ; t t  I cf ’ ii ’s the condit ion

- 2/ (a -c)



— - --—--- 
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-I - ’

(a: cc’ t~~ c ’

Cl I l l - — ‘ i i  x , I a F c  /2  (~~I - e ) - ( ; i +  Sc) /2 (a+c)

which t~~~i the -x p r- ~’~ s i a t  iii I $7) fi r it ~~~ ~~( :1F :~ ~
- 

-~ I : t  ~ c

(ii) I ~ J s  2/ ( : m -  c ) , i t - - i  i t ~ 1 \ .5) , ii) and (1$) , so i’ ta in

R fl~~) - (:lFc)/2 + 2 / c l  ( a i c )  -

o = !~r ’ l/ s ( . i i c )  (a ~) 2 / 1 2 ( a ’ t ). (A L0 )

E l i m i nating s iii ( A . 1 I ,t )  , s , oh t i ~ ii the t-~~p r c’ 5- . i u ; i  i i i  ( 5 )  i - i  ( . 1  _ H . i F 2 c ) / 3 t a ~~e )

s 1) < ( ; I S_ c 3 ) / 3(a 2~ c _ )  = t
i _ t x

.

A p p t - n d i x  5. I c r t vat ~~~~~~~ F - c :ii :ip le__S.

I n  l I i ~’or ~- ; - t 3 • l e t  p ( x )  -‘ ( h - a l  I 
f i t~ t -  , b - ( h e n  m’ o;t ( 10) arid I ii ) , s li:tt o

a F ‘~~b -a ) I s  ~ p = ‘-th- a)

A l s o

= - f p
1 
(xl ‘ i t  1p 1 

( x )  ( h - a )  )dx - h(p 1 ) - ( h - a )

Thi ns (42) becomes 
--  1a-F I I

R1 (D5) = h ( p 1) 
- Qn(h-a) + ~n~~

t + ~n ( h - a )  J p 1~~~)dx

b -j s! ’ b
- I p 1

(x)Q n ~~~ dx ÷ ~n (b—a) f 1 p 1 ( x l d x
—1 1)— !~~Ia+ I s  I

b I s !
= h ( p

1
) + ~ 2 ÷

- a -m I s ~ F
h ( p 1

) + ~~ 1 lx dx 1 1 1 11 1 ( x ) d.x
a F

= h ( p
1
) ~ cn 

s I  j  [p 1 (a~ t 1 + r i hI 1~ t ) j ~l ;

_ _ _ _  _ _ _  _ _



I- i’o ; t  ( - ) 3 )  se I m a c  e

- I -lI s  I F— s ii
o :’f ( a F

r~
p -x )p 1 (x)dx + 

~
-
~j  f 1 p 1 (x)dx 

+ f 
1
(x-h+~~~ -)p 1 (‘- )-ix

= F 
- t [ p 1 ( a f t )  ÷ p 1 (h-t) kit

This proves (~55) and (56).

Now c o n d i t i o n  (46) i s  cqui  urlent to

F p
1 

(x)  ~
2A (x) ~ ~A (x) ~

F --— -v ‘ - 

~
--
~
-
~
-j
~ 

(--~-— -Y I dx < 0

which  is e q u i v s le n t  to (57) whe n -\ (x) is replaced by (30) for p(x) = (h-a)*

Ap~ endix 6 . D e r i x ~~t ion  of Ii x wup le ô.

C a l c u l a t i o n  shows tha t  p = 2/3. Let V = j- - a , 4 + h j  he the suppo rt of

the d i s t r i b u t ion G
5
(,y).

(i) Suppose ~ — a
5 ~ 0. Thi s case is similar to the case of the t in if ’c’rrn

distribution. One can app ly Theorem I directl y to get:

R(D5) = 
~

-j-
~

-
~
- - 1 ÷ ~n

< I s i  S
1 3 i 4 2

= T~T 
- 

8 I s I 2 +

Eliminating Is ? , one obtaines the desired expression (61) for ~ -~
- S V ~~~~ = 0 .

(ii) Suppose — l < 4 — a
5 

< 0. Then gjy) has the fonri for all ycV 5

g (y )  = ~~(~~ ) + C 1 5 ~~(y - 4 + a
~~

) + C 2 5~~’ (y - 0 )  + C3 5 ~~(- 
- - - h

5
)

where  
C I s  = 4T~T ‘ 

= - 

8!s! 
= s’F~1~

5 1 4 1
-\ I - ;a a = - — -—-  , F -- — -

~~ -~ 1s f s + f’s f  

~~~--~~~~~~



I - coo h ~e exprL-s s  ions , A , (xl cart he c:r 1 et~ I :z ted  : t ; d Li - , t ~
- f~ I i~~.. i t ~~ I - i ’ - -

- c ~~~~~ ‘ i ~ 
- - - a2 I s Ie a a

2 ! s I  - a -‘ - 1
A (x)  =

~- [s ~ 0 -  x~~~~~ -’- h
a ,, a s

~ - l sk ~ ~ b j + J s~ x 
--~‘ I s I e  - ÷ F x - 1.

a -) S

It rem ains to show that C (v) I for v4\- - We will show this when y -‘ -
~

- + F
S ’ - 5 5

The case y < — - a is similar. Now
3 S

2 (2/3)-a
C ( V ) ~ f A ( x ) p l x ) e x p ( s I x - y I ) d x  = 

-l ~-lslexp (!s ! (~ 
-

O (2/ 3) -+-h
+ f - 

~f sIexp (-!sI (y-x))dx + I s !!slexp ( 1s !(y \))dx
12,’S) ri ’ 0

S

V 
-,

- 1 2 - 1 ) 2
+ I 2I s I e x p (- l s I (~~~

‘ ÷ h + _x-y )dx ÷ f -~0s~exp (- s (~~
- +b ) m y ) d x

V
S

- 

~ 
e X [) [~~~~~j ( +h v)] + (~~ +1- ~! s l y ) e x p [ I s I ( y  - - F))

Di  t1 c c i t t  i a t  in g  C ( y )  w i th respect to y, we have

C~ (y) = lslexp [IsI (y - 4 - f lf ( y)

where  f (y )  = I~ J -  -
~ 

-- 
~Is Iy - ~- e x p [ 2 l s I ( 4  + b

5 
- y)]. Now f ’(y) =

+ F - ~) 1  - IL and f ’ ( v
0

) = 0 if and onl y if 
~0 ÷

Since ~‘~ v0) = - s~ < 0, f (y
0
) is a maximum . Bitt f ( y 0 ) = 0 and thus f(v) 0

and (~~hv ) < (1 wh i ch im p l i e s  that C~~(y)  i s  n o n - i n c r e a s i n g . S i n c e  v~1 ~~- + F =

2 - I s ! we hrivi ’G (v 0) = 1 . Thus

C (y) < 1 for ;1l 1 v - - v Ii
-4 - - 0 a s
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Si

Si tree O c (
~ ‘~ 
) is not a p r ohirilir ii ty t h e t i s  ty I’ria ~ t h a  , bit - (a) ft i- i rt d r i h o ~~ - t t i

u sed on ly to j)rt’c icle :u l~~aer  h o u n d  to the RU)) oh ’ p (x) . 11111 -4 F i hc ta r - t-n .\

R
1

(It ,s) — -
~~~~

- s l i t  • S /(1 1 I s I ) + -~~
- 
~ni 21H + (3/4)tn (4IS1/3) -

Diffe rentia ting R
1 
(0,s) with r e s p e c t  to I s !  amid s e t  t i n~ RL (i) , s)  = 0, we ohita in

= sr ’ - S/~ I6IsL ) I s !  > I -

Also , R~ (D ,s) = 5 / ( 8 1 5 1 a ) - !sL ’ < 0. Idiminatirig Is ! we obtain (60). 
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